Abstract. On a quaternion-Kähler manifold M the Hamiltonian of a Killing field is a 2-form [GL], [S1] and we show it is an eigenform of the Laplacian corresponding to the minimal eigenvalue. This gives a quaternionic version of a famous result of Lichnerowicz and Matsushima on Kähler-Einstein geometry.
Introduction and main results.
A quaternion-Kähler manifold is a 4n-dimensional Riemannian manifold (M, g) with holonomy group Hol(g) ⊂ Sp(n)Sp(1), n ≥ 2. In this situation g is automatically an Einstein metric and M admits a rank-3 parallel subbundle Q ⊂ End(T M ) of skew-symmetric endomorphisms which is locally spanned by almost hypercomplex structures H = (J α ), α = 1, 2, 3, with J 2 α = −id and J 1 J 2 = −J 2 J 1 = J 3 . We will denote the quaternion-Kähler manifold by (M 4n , g, Q) and call H = (J α ) an admissible basis of the quaternionic structure Q.
Q has a natural bundle metric given by A, B = − 1 4n Trace AB and (local) sections of the unit sphere bundle Z = {J ∈ Q | J 2 = −id.} are called compatible (local) almost complex structures, see [AMP2] , while Z is known as the twistor space of (M 4n , g, Q) .
We will denote by t : Z → M the twistor projection. Recall that the twistor space Z is equipped with a natural complex structure J and, when the scalar curvature K > 0, with a Kähler-Einstein metric g of scalar curvature K = (n+1)(2n+1) 2n(n+2) K > 0 such that t is a Riemannian submersion with totally geodesic fiber S 2 ∼ = CP 1 ; the complex dimension of Z is therefore 2n + 1, see [Be, p. 416] .
In this paper we investigate relations between Killing vector fields and eigenforms of the Laplacian on quaternion-Kähler manifolds using spectral properties of the Kähler-Einstein twistor space. For this purpose recall a famous result of Matsushima and Lichnerowicz concerning the Kähler-Einstein case, see [Be, p.330] .
Theorem 1.1. Let (Z, g , J ) be a Kähler-Einstein manifold of complex dimension m with non-vanishing scalar curvature K = 0 . Then (a) there is an injective homomorphism
from the Lie algebra isom(g ) of Killing vector fields into the (K /m)-eigenspace E K /m (C ∞ (Z)) of the Laplacian on functions; furthermore, (b) when Z is compact and K > 0, Ψ is a Lie algebra isomorphism and the first non-zero eigenvalue of the Laplacian is not less than K /m. The two basic results of our work concern a quaternionic version of the above theorem: the Hamiltonian of a Killing field on a quaternion-Kähler manifold M is a 2-form and we show it is an eigenform of the Laplacian corresponding to a minimal non-zero eigenvalue; we also show that Hamiltonian forms of Killing vector fields on M correspond to Hamiltonian functions of Killing vector fields on the twistor space Z.
Before stating our results in detail let us introduce some notation and terminology: we define the bundle of self-dual forms Λ + (M ) = g • Q ⊂ Λ 2 (M ) to be the rank-3 subbundle corresponding to Q ⊂ End(T M ) . The bundle Λ + (M ) is locally spanned by the forms F α = g(J α ·, ·), α = 1, 2, 3, for any admissible basis H = (J α ). Recall that a quaternion-Kähler manifold has a globally defined parallel 4-form Ω called the fundamental 4-form locally given by
and it can be Kähler only when its scalar curvature K = 0.
We will denote by aut(Q) the space of quaternionic vector fields on M , that is fields whose local flow preserves Q. It is decomposes as
into the sum of the spaces of Killing and quaternionic gradient vector fields [AM3] .
We look at relations between eigenspaces of Laplacians of the Riemannian manifolds (M, g) and (Z, g ) acting on the spaces C ∞ (M ), C ∞ (Z) and Λ + (M ). We will denote by E λ (A) the eigenspace of the Laplacian with eigenvalue λ acting on one of these spaces A.
Then our main result can be stated as follows:
be a quaternion-Kähler manifold of reduced scalar curvature ν = K 4n(n+2) > 0 and (Z, g , J ) the associated Kähler-Einstein twistor space of scalar curvature K = 2(n + 1)(2n + 1)ν. Then there are natural linear immersions
Furthermore, when M is compact, the above maps are isomorphisms and all eigenvalues are minimal.
The eigenvalues involved in our Theorem are related to a classical result, see [M2] : on a locally irreducible Einstein manifold (M d , g) the form ξ = g • X g-dual to a (non-zero) Killing vector field X and its differential dξ = 2∇ξ are eigenforms of the Laplacian (acting on 1-forms or 2-forms respectively) with eigenvalue
2K
d . This is a consequence of the well known identity ( [Li, p. 139 
which gives in particular
Most of our results extend to the case of an oriented, 4-dimensional Riemannian manifold M 4 with anti-self-dual Einstein metric g.
Eigenspaces of Laplacians and quaternionic vector fields
When M is a quaternion-Kähler manifold of positive scalar curvature with twistor space Z, the Matsushima-Lichnerowicz theorem can be applied to Z. It gives an imbedding of the Lie algebra of Killing vector fields on Z into the eigenspace of the Laplacian on functions with (minimal) eigenvalue
In this section we would like to explain the correspondence between quaternionic vector fields on M and eigenspaces of Laplacians on M with minimal eigenvalues. We start with some technical preliminaries.
Basic identities on a quaternion-Kähler manifold. Let (M 4n , g, Q) be a quaternion-Kähler manifold of quaternionic dimension n ≥ 2. If H = (J α ) is an admissible basis of Q and (F 1 , F 2 , F 3 ) the associated local frame for Λ + then
where the ω α , α = 1, 2, 3, are 1-forms and ∇ is the Livi-Civita connection. We recall that the following fundamental identities hold:
and moreover
where R is the curvature tensor of ∇ (see [AM2] ). From now on we will assume that (M 4n , g, Q) is a quaternion-Kähler manifold with non-zero reduced scalar curvature ν = 0 and n ≥ 2.
Quaternionic vector fields. Recall that a vector field X on (M 4n , g, Q) is called quaternionic if it preserves the quaternionic structure Q, i.e. L X J ∈ Γ(Q) for any local section J ∈ Γ(Q). Due to the formula for the Lie derivative L X ,
where L X = ∇X, a vector field X is quaternionic if and only if
where H = (J α ) is a local basis of Q, the ρ α are some local 1-forms andL X belongs to gl n (H) the centralizer of Q x in the Lie algebra aut(T x M ) ≡ gl 4n (R), for any point x ∈ M . Moreover, one has
Recall also that any quaternionic vector field uniquely decomposes as a sum
of a Killing vector field X and a quaternionic gradient vector field X = grad f X , where the potential f X is given by
see [AM2] . We need now the following result about quaternionic gradient vector fields.
. On a quaternion-Kähler manifold M of reduced scalar curvature ν the potential of a quaternionic gradient vector field is an eigenfunction of the Laplacian with eigenvalue 2(n + 1)ν and this defines an injection
from the space of quaternionic gradient vector fields P to the space of 2(n + 1)ν-eigenfunctions of the Laplacian. Furthermore, when M is compact and ν > 0, Φ 1 is an isomorphism and the eigenvalue 2(n + 1)ν is minimal.
Hamiltonian 2-form of a Killing vector field. We have just seen that quaternionic gradient vector fields give rise to eigenfunctions of the Laplacian and we are now going to prove the same for Killing vector fields.
Definition 2.2. [GL] , [S2, p.133] . A vector field X on a quaternion-Kähler manifold (M 4n , g, Q) is called locally Hamiltonian (respectively, Hamiltonian) if the 3-form
is closed (respectively, exact). A Hamiltonian of X is defined as a 2-form η s.t.
Remark. This definition of a Hamiltonian 2-form differs by a constant scalar factor from the one given in [AMP2] .
Proposition 2.3.
(1) The bracket [X, Y ] of two locally Hamiltonian vector fields X, Y is globally Hamiltonian. In particular the locally Hamiltonian vector fields form a Lie algebra. (2) If the reduced scalar curvature ν = 0, any locally Hamiltonian vector field X is globally Hamiltonian and it can have at most one Hamiltonian form which is self-dual.
Proof. We prove (1). Assume that
Now we prove (2). We assume that ν = 0 . If ρ, ρ are two local Hamiltonians of a locally Hamiltonian vector field X, that is i X Ω = dρ = dρ and ρ, ρ are selfdual, then ρ = ρ since there is no non zero closed self-dual form on M even locally [AMP2] . This shows that there exists a unique self-dual global 2-form which is the Hamiltonian of X .
Remark also that different Hamiltonian vector fields have the different Hamiltonians, because the condition i X Ω = 0 implies X = 0 since (i X Ω)(J 1 X, J 2 X, J 3 X) = 6 X 4 . In order to show that every Killing vector field has a self-dual Hamiltonian form we start with the following more general observation. We will assume that the reduced scalar curvature ν = 0.
Proposition 2.4. Let X = X + gradf X be the decomposition of a quaternionic vector field X into the sum of a Killing and a quaternionic gradient vector field.
where the 1-forms ρ α are defined in (2.5).
Proof. By derivation of (2.4) we have
On the other hand the following holds, see [AM2] ,
where ξ is the 1-form,
where for any
By comparison with (2.10) we have
Proposition 2.5. Let X be a quaternionic vector field. Then α ρ α (X)F α = 0 if and only if X is a gradient vector field, X = grad f , and the 1-forms ρ α are defined in (2.5).
Proof. For a gradient quaternionic vector field X = grad f one has [L X , J α ] = 0, α = 1, 2, 3, and then ρ α (X) := − 1 4n Trace(J α L X ) = 0, α = 1, 2, 3. On the other hand, if ρ α (X) = 0, α = 1, 2, 3, one has i X Ω = 0 and hence X = 0.
We can now give an independent proof of the following result of Galicki-Lawson [GL] [S2] concerning Killing vector fields.
Proposition 2.6. Any Killing vector field is globally Hamiltonian and there is a canonically defined self-dual Hamiltonian η = η X given by
Furthermore, the above correspondence
is linear and injective.
Proof. The first statement is a corollary of propositions 2.3 and 2.4. Last statement follows from (2.9) and the remark that i X Ω = 0 if and only if X = 0.
To end this section we now show that the Hamiltonian 2-form of a Killing vector field is an eigenform of the Laplacian.
A classical result about an Einstein d-dimensional manifold of scalar curvature K states that the derivative ∇X of a Killing vector field X is an eigenform of the Laplacian acting on 2-forms with eigenvalue 2K d , see [M1] . Therefore, when (M 4n , g, Q) is a quaternion-Kähler manifold with a Killing vector field X, the covariant differential ∇X is an eigenform of the Laplacian with eigenvalue K 2n = 2(n + 2)ν. Since the Laplacian commutes with the projections onto holonomy irreducible components of Λ p (M ) (see [C] and corollary 5.3 below), we have the following result, see [Mar] for a more direct proof.
Theorem 2.7. The Hamiltonian form of a Killing vector field X on a quaternionKähler manifold is an eigenform of the Laplacian with eigenvalue 2(n + 2)ν. This gives an injective linear map
Laplacians and the twistor fibration
We have seen so far how vector fields can give rise to eigenforms and eigenfunctions of Laplacians on a quaternion-Kähler manifold and its twistor space. In this section we begin to show how these different results fit together.
Laplacian on functions.
Proposition 3.1. Let M be a quaternion-Kähler manifold of positive reduced scalar curvature ν with the twistor space Z. Then there is a linear immersion
given by pull-back via the twistor map t : Z → M where K is the scalar curvature of Z.
Proof. This is an immediate consequence of a general result on Riemannian submersions with minimal fibers and holds for every eigenvalue, see [BB] . The result then follows because
When M is compact this gives a simple proof that 2(n + 1)ν is the minimal non-zero eigenvalue of the Laplacian acting on functions on M [Marg, AM2] because otherwise K 2n+1 would not be minimal on Z. Laplacian on self-dual 2-forms. The above general result gives a way to produce eigenfunctions of the Laplacian on the twistor space simply by pull back and we will now show how to use self-dual forms on M to produce eigenfunctions on Z.
For any self-dual 2-form η ∈ Λ + (M ) we can define a function f := Θ 2 (η) on the twistor space Z in the following way: relative to a local trivialization (F α ) of the bundle Λ + (M ) we can write η = α η α F α and define a function f on Z by
where J z is the point z ∈ Z considered as a complex structure on the tangent space
is the constant whose meaning will be clear from theorem 3.5. In other words, modulo a multiplicative constant, the value of the function f at the point z ∈ Z is the scalar product in Λ + (M ) of η(t(z)) with the self-dual 2-form defined by z itself.
Notice that this correspondence defines a linear injection
and we now show that Θ 2 sends self-dual eigenforms of the Laplacian on M to eigenfunctions of the Laplacian on Z. We start by recalling the following result whose proof can be found in [AMP2] , [Mar] .
Proposition 3.2. Let σ = sF be a self-dual form on a quaternion-Kähler manifold of norm s = |σ|. Then for any admissible frame (F 1 = F, F 2 , F 3 ) of Λ + the following formula for the Laplacian holds:
Theorem 3.3. Let (M 4n , g, Q) be a quaternion-Kähler manifold with ν > 0 and twistor space (Z, g , J ) . Then, for all λ ∈ R the map Θ 2 defines a linear injection between eigenspaces of Laplacians
As usual ν = K/4n(n + 2) denotes the reduced scalar curvature of M .
Proof. Let η be a self-dual 2-form which is an eigenform of the Laplacian associated to the eigenvalue λ so that η = λη. In the open set where η = 0 we can write η = sF where s is a smooth function on M and F = g • J is the Kähler form of a section J of Z. We set f η (z) = (s(t(z))Trace(J z J) , z ∈ Z, and h(z) = Trace(J z J). Let E i , i = 1, . . . , 4n be a field of orthonormal frames defined in a neighbourhood of p = t(z) in M 4n such that ∇ X E i|p = 0 for any X ∈ T p M 4n . If X ∈ T z Z is a horizontal vector and X = t * (X) is its projection on M , then we get:
This shows that the horizontal part of the gradient is given by
where ω α = ω α • t * (α = 1, 2, 3) and ω
We have also
By analogy with previous calculations we also have
that is
On the other hand, the Laplacian of the function h = Trace(J z J) on the sphere Z x ≡ S 2 is given by
(see [KN] , pag. 341). (Note that if ν = 1 one has
Hence, by summarizing, if η = λη and taking into account that
( 3.8) and that
Theorem 3.4. Let (M 4n , g, Q) be a compact quaternion-Kähler manifold of positive scalar curvature K. Then the first non-zero eigenvalue of the Laplacian on self-dual forms is greater or equal to K/2n. Equality holds if and only if there are non-trivial Killing fields on M and, hence, on Z.
Remark. It was shown by Salamon [S1, 7.4, 7.5 ] that under the hypotheses above the connected component of the isometry group of M is always non-trivial for n ≤ 4.
Proof. Suppose E λ (Λ + (M )) = 0, then by the above theorem and Lichnerowicz result we have λ − 2ν ≥ K 2n+1 so that
is also non-trivial by the above theorem and it is isomorphic to isom(g ) by Matsushima's result. But now g is a Kähler-Einstein metric of positive scalar curvature and therefore isom(g ) is a real form of the space of holomorphic vector fields H 0 (Z, Θ). It is known, see [NT] , that H 0 (Z, Θ) is also the complexification of the space aut(Q) of quaternionic vector fields on M . Hence the condition E K/2n (Λ + (M )) = 0 implies the existence of quaternionic vector fields on M . To complete the proof it is sufficient to recall the result by Alekseevsky-Marchiafava and LeBrun that aut(Q) ∼ = isom(g) unless M is the standard quaternionic projective space HP(n) (see [AM3] , [L] ) (which of course admits a non-trivial Killing field).
The most interesting case of theorem 3.3 is when the eigenvalue λ = K/2n because in this case E λ (Λ + (M )) and E λ−2ν (C ∞ (Z)) contain Hamiltonians of Killing vector fields on M and on Z, respectively. Notice that a Killing vector field X on M preserves the metric and the quaternionic structure Q so that its natural lift X Z to Z is indeed a Killing vector field on Z; we can in fact prove the following natural result.
Theorem 3.5. Θ 2 sends the Hamiltonian form η X of a Killing vector field X on M to the Hamiltonian function of the Killing vector field X Z on Z:
Proof. Let X be a Killing vector on M 4n and X Z =X + X v the decomposition of the lift X Z of X into horizontal and vertical part. We prove that on Z one has
Let z be a point of Z. Consider an orthonormal frame around z formed by vectors (Ē 1 , . . . ,Ē 4n , V, J V ) whereĒ i , i = 1, . . . , 4n are basic and horizontal and V is vertical. Then in z we have
By summarizing we have :
This proves (3.9). Now the result follows from the next Lemma.
Lemma 3.6. Let X be a Killing vector field on a quaternion-Kähler manifold M . Then the vertical part X v of its lift X Z to the twistor space is a Killing vector field along the fibers and in particular
The proof is based on the following result of P. Gauduchon, see [G] , pages. 18-19.
Proposition 3.7. Let (M, ∇) be a manifold with torsionless linear connection and P a parallel subbundle of a tensor bundle of M . Then for any vector field X on M such that its local flow preserves P, the following formula holds:
where X P is the natural lift of X to P, X hor is the horizontal lift of X to P and L X = ∇X is the Nomizu operator considered as a vertical linear (along each fiber) vector field: L X |P = L X P , P ∈ P where
and L X is the Lie derivative.
Proof of the Lemma. We apply this formula to P = Q, the quaternionic bundle, and X a Killing vector field. Let (J α ) be a local basis of Q: then Q J = 3 α=1 y α J α and (y α ) together with local coordinates x i of M form a local coordinate system of Q. For a quaternionic vector field X we can write
where (α, β, γ) is a cyclic permutation of (1, 2, 3). This shows that the restriction of the vertical vector field L X to a fiber is a linear vector field associated with the skew-symmetric matrix
The vector field L X |Qx is tangent to the unit sphere Z x ∼ = S 2 and induces on S 2 a Killing vector field with zero divergence.
Main results
We collect our previous results concerning eigenspaces of Laplacian in the following statement which holds whether M is compact or not.
Theorem 4.1. Let (M 4n , g, Q) be a quaternion-Kähler manifold of reduced scalar curvature ν > 0 and (Z, g , J ) its twistor space with the structure of Kähler-Einstein manifold of positive scalar curvature K . Then the map
where Θ 1 is defined in Proposition 3.1 and Θ 2 in Theorem 3.3 , is a linear injection.
Proof:. By 3.1 and 3.3 it is enough to show that the images of Θ 1 and Θ 2 have trivial intersection. This is clear because any element in the image of Θ 1 is constant on each twistor fiber t −1 (p) while this never holds for a non-zero element in the image of Θ 2 . Proof. Let p(M ) denote the dimension of the space P of quaternionic gradient vector fields on M ; let also i(M ) and i(Z) be the dimension of the space of Killing vector fields on M and Z, respectively; and finally let e λ (A) denotes the dimension of the corresponding eigenspace E λ (A) of the Laplacian. By the last theorem 4.1 and theorem 1.1 [M2, Li] we have:
Since Z is Kähler-Einstein, i(Z) is also the complex dimension of the space of holomorphic vector fields on Z which in turn is a complex form of the space aut(Q) of quaternionic vector fields on M [N-T]. The Lie algebra aut(Q) is the direct sum of P and isom(M ) so that
and the conclusion follows because p(M ) ≤ e 2(n+1)ν (C ∞ (M )) by theorem 2.1 while theorem 2.7 implies that i(M ) ≤ e 2(n+2)ν (Λ + (M )).
Proposition 4.3. On a quaternion-Kähler manifold with ν > 0, a self-dual 2 form η which satisfies the twistor equation
is an eigenform of the Laplacian with eigenvalue 2(n + 2)ν:
When M is compact the converse also holds.
Proof:. It was shown in [AMP2] thatDη = 0 implies that η is the Hamiltonian of a Killing vector field. Therefore ∆η = 2(n + 2)ν η by the result of 2.7. When M is compact it was shown by Salamon [S1] that the kernel of the twistor operatorD is isomorphic to the space of Killing vector fields, see also [AMP3] for a more direct proof. The result then follows from 4.2.
Laplacian on 2-forms
In this last section we prove some results on the eigenspace E 2(n+2)ν (Λ 2 ) of the Laplacian acting on 2-forms rather than just self-dual 2-forms Λ + of a quaternionKähler manifold. We start by recalling the following result which holds for any Einstein metric. 
When the manifold is Einstein Ric = K d id and one gets
is a quaternion-Kähler manifold of quaternionic dimension n ≥ 2 the bundle Λ 2 = Λ 2 (M ) has the following holonomy invariant orthogonal decomposition:
where D is the orthogonal complement to the first two summands [MS] . g • sp 1 = Λ + , g • sp n is the space of Q-Hermitian 2-forms. The decomposition of a 2-form ω, defined by (5.2) will be written as ω = ω sp 1 + ω sp n + ω ⊥ and we put ω sk = ω sp 1 + ω ⊥ , where sk stands for skew-Q-Hermitian. In this section we derive some relations between eigenspaces of ∆ and the irreducible decomposition of Λ 2 . We start with the following general results. Proof. Let H = (J α ) be an admissible basis. It is well known that the curvature forms of a quaternion-Kähler manifold verify the following identities, see [I, Be] :
where (α, β, γ) is any circular permutation of (1,2,3). This implies The other three statements follows immediately from (1) and (5.1).
Remark. Note that if M 4n = HP n one has
Corollary 5.3. Let (M 4n , g, Q) be a quaternion-Kähler manifold. Then the Laplacian ∆ : Λ 2 → Λ 2 respects the decomposition (5.2).
which implies λ ≥ 2(n + 2)ν Moreover λ = 2(n + 2)ν ⇐⇒ ∇ω ⊥ = 0 which implies ω ⊥ = 0. To complete the proof it is sufficient to recall the previous results for self-dual 2-forms.
In the previous section we showed that e 2(n+2)ν (g • sp 1 ) = i(M ) and our last result gives an estimate for e 2(n+2)ν (g • sp n ) the dimension of the 2(n + 2)ν-eigenspace on Q-Hermitian 2-forms.
Proposition 5.5. Let (M 4n , g, Q) be a compact quaternion-Kähler manifold with positive scalar curvature then e 2(n+2)ν (g • sp n ) ≥ i(M ).
Proof. When X is a Killing vector field both ∇X = 1 2 dX and (∇X) sp 1 belong to E 2(n+2)ν (Λ 2 ). As a consequence (∇X) sp n = ∇X − (∇X) sp 1 ∈ E 2(n+2)ν (Λ 2 ) as well.
Moreover (∇X)
sp n = 0 implies that (∇X) sp 1 is a closed self-dual form and therefore must vanish and X = 0 by 2.6.
